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Estimation problem.

2

INTRODUCTION

Assume that we observe a sample of size n of data following a certain (unknown)
distribution F :

x = (x1, . . . , xn), with xi ⇠ F 8i 2 {1, . . . , n}

We focus on the problem of estimating one (or more) parameter ✓ of the distri-
bution F . We denote it as ✓ = t(F ).

✓ = t(F ) = EF (x)
<latexit sha1_base64="nesxY68Ls2VftVdxtxsh/3eX0qc="></latexit>

Example. Expected value of the distribution:

✓ = EF (x) ) ✓̂ = EF̂ (x) =
1

n

nX

i=1

xi

<latexit sha1_base64="UPlsE6VIXJoURiyz1GkuUyyBFKM="></latexit>
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<latexit sha1_base64="nesxY68Ls2VftVdxtxsh/3eX0qc="></latexit>

Aims: 
1. Give a point estimate of t(F) for a general case with                                      

unknown F (nonparametric point estimation);
2. Assess the standard error of the estimate and its bias                       

(nonparametric point estimation of the standard error);
3. Give an interval estimate of t(F) and assess the interval                                  

coverage probability.
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1. POINT ESTIMATE OF THETA

The plug-in principle is a simple method to estimate the parameter ✓ from the
sample x.

Idea:

• Denote as F̂ the empirical distribution function, that is the discrete dis-
tribution that puts probability 1/n on each value xi i = 1, . . . , n and zero
otherwise.

• The plug-in estimator ✓̂ of the parameter ✓ = t(F ) is defined as ✓̂ = t(F̂ ).
<latexit sha1_base64="KtG5o5oqm82jQsVG85WNahT4Rh8="></latexit>

Example. Expected value of the distribution:

✓ = EF (x) ) ✓̂ = EF̂ (x) =
1

n

nX

i=1

xi

<latexit sha1_base64="UPlsE6VIXJoURiyz1GkuUyyBFKM="></latexit>

The plug-in principle.
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1. POINT ESTIMATE OF THETA

• The plug-in estimator is easy to compute in all cases (it is just a functional of 
a discrete probability distribution that is always well defined).

• No matter how complex is theta, its plugin estimator can often be 
numerically computed very easily.

• The plug-in estimator does not need to specify a parametric form of the data 
distribution F, so it is very flexible.

• If information is available of the distribution F, the parametric estimator tend 
to have better properties (lower variance and bias). 
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How good is the estimate of a parameter?

In order to assess how good is the estimator, we need to compute (or find an 
estimate for …) the variance and the bias, without knowing the distribution F. 
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2. STANDARD ERROR AND BIAS OF ✓̂
<latexit sha1_base64="kyAkGgc3TD7wAeptc3KfEgPZNBA=">AAAB9XicdVDJSgNBEO1xjXGLevTSmAiehlmETG5BLx4jmAUyY+jpdJImPQvdNUoY8h9ePCji1X/x5t/YWQQVfVDweK+KqnphKrgCy/owVlbX1jc2C1vF7Z3dvf3SwWFLJZmkrEkTkchOSBQTPGZN4CBYJ5WMRKFg7XB8OfPbd0wqnsQ3MElZEJFhzAecEtDSbcUfEch9GDEg00qvVLZM23FrtSq2TMfyqueeJq7jep6LbdOao4yWaPRK734/oVnEYqCCKNW1rRSCnEjgVLBp0c8USwkdkyHrahqTiKkgn189xada6eNBInXFgOfq94mcREpNolB3RgRG6rc3E//yuhkMvCDncZoBi+li0SATGBI8iwD3uWQUxEQTQiXXt2I6IpJQ0EEVdQhfn+L/Scsxbdd0rp1y/WIZRwEdoxN0hmxURXV0hRqoiSiS6AE9oWfj3ng0XozXReuKsZw5Qj9gvH0Ctw+Sqg==</latexit>

MSE(✓̂) = E[(✓ � ✓̂)2] = Var(✓̂) + (✓ � E(✓̂))2
<latexit sha1_base64="Ps69ViucsnPbhGldxcIDDxurlvY="></latexit>

Variance of the 
estimator. 
How variable is    
on different data 
sets

MSE(✓̂) = E[(✓ � ✓̂)2] = Var(✓̂) + (✓ � E(✓̂))2
<latexit sha1_base64="Ps69ViucsnPbhGldxcIDDxurlvY="></latexit>

Bias of the 
estimator. 
How different is in 
average     from the 
true value
MSE(✓̂) = E[(✓ � ✓̂)2] = Var(✓̂) + (✓ � E(✓̂))2

<latexit sha1_base64="Ps69ViucsnPbhGldxcIDDxurlvY="></latexit>
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Methods for estimating variance and bias of an estimator:

• Analytic computation (only with F known and simple    )

• Monte Carlo simulation (only with F known)

• Jacknife (F unknown)

• Bootstrap (F unknown or known)

7

2. STANDARD ERROR AND BIAS OF ✓̂
<latexit sha1_base64="kyAkGgc3TD7wAeptc3KfEgPZNBA=">AAAB9XicdVDJSgNBEO1xjXGLevTSmAiehlmETG5BLx4jmAUyY+jpdJImPQvdNUoY8h9ePCji1X/x5t/YWQQVfVDweK+KqnphKrgCy/owVlbX1jc2C1vF7Z3dvf3SwWFLJZmkrEkTkchOSBQTPGZN4CBYJ5WMRKFg7XB8OfPbd0wqnsQ3MElZEJFhzAecEtDSbcUfEch9GDEg00qvVLZM23FrtSq2TMfyqueeJq7jep6LbdOao4yWaPRK734/oVnEYqCCKNW1rRSCnEjgVLBp0c8USwkdkyHrahqTiKkgn189xada6eNBInXFgOfq94mcREpNolB3RgRG6rc3E//yuhkMvCDncZoBi+li0SATGBI8iwD3uWQUxEQTQiXXt2I6IpJQ0EEVdQhfn+L/Scsxbdd0rp1y/WIZRwEdoxN0hmxURXV0hRqoiSiS6AE9oWfj3ng0XozXReuKsZw5Qj9gvH0Ctw+Sqg==</latexit>

✓
<latexit sha1_base64="OF1OvnXqKhp1DeCYEfwna0ZObRU=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsstCTaWGIiYIQL2VvmYMPe3mV3zoRc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqDi0ey1g/BMyAFApaKFDCQ6KBRYGETjC+mfmdJ9BGxOoeJwn4ERsqEQrO0EqPVdrDESCj1X654tbcOegq8XJSITma/fJXbxDzNAKFXDJjup6boJ8xjYJLmJZ6qYGE8TEbQtdSxSIwfja/eErPrDKgYaxtKaRz9fdExiJjJlFgOyOGI7PszcT/vG6K4ZWfCZWkCIovFoWppBjT2ft0IDRwlBNLGNfC3kr5iGnG0YZUsiF4yy+vkna95l3U6nf1SuM6j6NITsgpOSceuSQNckuapEU4UeSZvJI3xzgvzrvzsWgtOPnMMfkD5/MHDe+P2g==</latexit>
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MONTE CARLO SIMULATION

Imagine that F is fully know, we could answer then the question about the

distribution of ✓̂ by analytical calculation (very rarely) or by simulations.

Simulation with F known.

• For b = 1, 2, . . . , R:

– generate a random sample (of size n) x⇤
b = (x⇤

1b , . . . , x
⇤
nb
) ⇠ F

– compute ✓̂⇤b = ✓̂(x⇤
b) and collect the obtained value

• Output after B iterations: ✓̂⇤1 , . . . , ✓̂
⇤
B

• Use the output to estimate variance and bias:

– dVar(✓̂)MC =
1

B�1

PB
b=1(✓̂

⇤
b � ✓̂⇤(·))

2
, with ✓̂⇤(·) =

PB
b=1 ✓̂

⇤
b

– dBias(✓̂)MC = ✓ � ✓̂⇤(·)

Note that the values ✓̂⇤1 , . . . , ✓̂
⇤
B can be used also to estimate the distribution of

✓̂ (histogram, density estimator, ...).

<latexit sha1_base64="M2o7hiBdtj8ZDLxgDyzUaxKcj3s="></latexit>
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• The methods gives us an estimate of bias and variance of the parameter, as 
well as an estimate of its distribution, that can be used to perform inference
(interval estimation, tests).

• Thanks to the law of large numbers we know that as B tends to infinity, 
we get a perfect match to theoretical calculation.

• However in reality we can’t simulate an infinite number of replicates, and 
hence we introduce the Monte Carlo Error.

9

MONTE CARLO SIMULATION
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Example:

We observe a sample of size 10 drawn from a bivariate Normal 
distribution with Mean (0,0) and covariance matrix rbind(c(2,1) ; c(1,2)).  

We are interested in estimating the eigenvalues of the covariance matrix, 
using the plugin estimator. 

How variable is the estimator? 

10

MONTE CARLO SIMULATION
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MONTE CARLO SIMULATION

First Eigenvalue
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Standard deviation: 1.17 Standard deviation: 0.51
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• Monte Carlo simulation is very simple, but in reality we do not have access to 
the true distribution F. 

• In such cases, we need to find a method to (approximately) simulate samples 
from F.

12

JACKNIFE

Remember that we start from a sample x of size n, with xi ⇠ F , 8i = 1, . . . , n.
Assume that we want to estimate the parameter ✓ = t(F ) with the estimator
✓̂ = s(x) (not necessarily the plug-in estimator).
We focus on samples that leave out one observation at a time:

x(i) = (x1, . . . , xi�1, xi+1, . . . , xn)

Define ✓̂(i) = s(x(i)).
<latexit sha1_base64="gy+KB4uQ8Ewlx9FGMfazaOrOdEA="></latexit>

Jacknife samples.
For a sample of size n, 
we can construct n
Jacknife samples.

Remember that we start from a sample x of size n, with xi ⇠ F , 8i = 1, . . . , n.
Assume that we want to estimate the parameter ✓ = t(F ) with the estimator
✓̂ = s(x) (not necessarily the plug-in estimator).
We focus on samples that leave out one observation at a time:

x(i) = (x1, . . . , xi�1, xi+1, . . . , xn)

Define ✓̂(i) = s(x(i)).
<latexit sha1_base64="gy+KB4uQ8Ewlx9FGMfazaOrOdEA="></latexit>

Jacknife replications.
n estimates of theta, each 
based on n-1 units.
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Estimate of variance:
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JACKNIFE

dVarJ =
n� 1

n

nX

i=1

(✓̂(i) � ✓̂(·))
2

✓̂(·) =
1

n

nX

i=1

✓̂(i)
<latexit sha1_base64="iEXWcoH4xnumvx++JN2U1tMeOZs="></latexit>

• Looks at the sample variance of the Jacknife replications. 

• The sum of squares is inflated with the factor (n-1)/n, which is bigger than 
the usual terms 1/(n-1) or 1/n. 

• The inflation factor is needed since the Jacknife samples are very similar 
between each other, so          tends to vary less than     .

• In the special case of estimating the sample mean, the inflation factor makes 
the estimate of the variance correct. 

✓̂
<latexit sha1_base64="H6c9QUArILt68az0Xd84bcC2qBw=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIph4Irt40CPRi0dM5JHASnqHWXbC7CMzvRqy4T+8eNAYr/6LN//GAfagYCWdVKq6093lJVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOk4V4y0Wy1h1PdBcioi3UKDk3URxCD3JO974ZuZ3HrnSIo7ucZJwN4RRJHzBAI30UO0HgFkfA44wrQ7KFbtmz0FXiZOTCsnRHJS/+sOYpSGPkEnQuufYCboZKBRM8mmpn2qeABvDiPcMjSDk2s3mV0/pmVGG1I+VqQjpXP09kUGo9ST0TGcIGOhlbyb+5/VS9K/cTERJijxii0V+KinGdBYBHQrFGcqJIcCUMLdSFoAChiaokgnBWX55lbTrNeeiVr+rVxrXeRxFckJOyTlxyCVpkFvSJC3CiCLP5JW8WU/Wi/VufSxaC1Y+c0z+wPr8ATk+klM=</latexit>

✓̂(i)
<latexit sha1_base64="QtSoHg0f37/KMNenrWiVra3CcZc=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g61QNyWpC10W3bisYB/QhDCZTtqhkwczN0INwV9x40IRt/6HO//GaZuFth64cDjnXu69x08EV2BZ38bK6tr6xmZpq7y9s7u3bx4cdlScSsraNBax7PlEMcEj1gYOgvUSyUjoC9b1xzdTv/vApOJxdA+ThLkhGUY84JSAljzzuOqMCGQOjBiQ3Mtq/DyvembFqlsz4GViF6SCCrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWl51UsYTQMRmyvqYRCZlys9n1OT7TygAHsdQVAZ6pvycyEio1CX3dGRIYqUVvKv7n9VMIrtyMR0kKLKLzRUEqMMR4GgUecMkoiIkmhEqub8V0RCShoAMr6xDsxZeXSadRty/qjbtGpXldxFFCJ+gU1ZCNLlET3aIWaiOKHtEzekVvxpPxYrwbH/PWFaOYOUJ/YHz+ANfVlNE=</latexit>



alessia.pini@unicatt.it 14

JACKNIFE

Special case: ✓̂ = X.
By theory we know:

Var(X) =
�2

n

dVar(X) =
1

n

1

n� 1

nX

i=1

(Xi �X)2

And for the Jacknife estimate ✓̂(i) =
1

n�1

Pn
j=1,j 6=i Xj we have:

✓̂(·) =
1

n

nX

j=1

✓̂(i)

=
1

n(n� 1)

nX

j=1,j 6=i

Xj = X.

The Jacknife estimate of the variance is then:

dVarJ =
n� 1

n

nX

i=1

(✓̂(i) �X)2
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JACKNIFE

• In the special case of estimating the sample mean, the inflation factor makes 
the estimate of the variance coinciding with the plug-in estimator of the 
variance of the sample mean (that is in this case unbiased).

• Note that this holds, however, just in this case!

Now:

✓̂(i) �X =
1

n� 1

X

j 6=i

Xj �
1

n

nX

j=1

Xj

=
1

n(n� 1)

2

4n
X

j 6=i

Xj � (n� 1)
nX

j=1

Xj

3

5 =
X �Xi

n� 1

And finally:

VarJ =
n� 1

n

nX

i=1

(X �Xi)2

(n� 1)2
=

1

n(n� 1)

nX

i=1

(X �Xi)
2

<latexit sha1_base64="tgMdgwSH3V+gVHETOLUQHxiqbZE="></latexit>
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JACKNIFE

Estimate of bias:

dBiasJ = (n� 1)(✓̂(·) � ✓̂)

• Looks at the deviations between the Jacknife replications and the estimate. 

• This deviation is also inflated with a factor, that is in this case (n-1), which is 
bigger than 1. 

• The inflation factor is needed since the Jacknife samples are very similar 
between each other, and they also tend to be similar to the estimate based on 
the whole sample.

• In the special case of estimating the sample mean, the bias is zero.

• In the case of the sample variance(divided by n), the inflation factor makes 
the estimate of the bias correct. 
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JACKNIFE

Special case: ✓̂ = 1
n

Pn
i=1(Xi �X)2.

By theory we know:

Bias(✓̂) = � 1

n
�2.

And, for the jackknife estimate of bias, it is possible to show that:

dBiasJ = � 1

n

 
1

n� 1

nX

i=1

(Xi �X)2
!
.

• In the special case of estimating the sample variance with its biased 
estimator, the inflation factor makes the estimate of the bias coinciding with 
the plug-in estimator of the bias.

• Note that this also holds, however, just in this case!
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Example: test score data.

We consider the test score data  from Mardia et al. (1979). A group of 
n=88 students took five tests in Mechanics, Vectors, Algebre, Analysis, 
and Statistics.

The quantity that we would like to estimate is the ratio between the 
largest eigenvalue of the covariance matrix of the scores, and the sum of 
all eigenvalues of the covariance matrix. 

18

JACKNIFE

✓ =
�(1)P5
j=1 �j

<latexit sha1_base64="W95jiZ5S6epJmsSklWoRtriFzvw="></latexit>

✓ =
�(1)P5
j=1 �j

xi = Qiv(1)
<latexit sha1_base64="cURvIEZHIK1u/5N6pNeelrjSqYg="></latexit>

The closest is this ratio to one, the most the model can be reduced to a 1D 
model where each student has a QI that explains the scores to all five tests 
(a single measure can capture all information).  
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Example: test score data.  

19

JACKNIFE

✓̂ = 0.6191, bseJ = 0.0496, dBiasJ = 0.0011
<latexit sha1_base64="lMpGlHv7IVZFsynJRJ5oEtTo63E="></latexit>
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Example: test score data. 

20

JACKNIFE

Jacknife replications for test score data

results.score$jack.values

Fr
eq
ue
nc
y

0.600 0.605 0.610 0.615 0.620 0.625 0.630 0.635

0
10

20
30

✓̂ = 0.6191, bseJ = 0.0496, dBiasJ = 0.0011
<latexit sha1_base64="lMpGlHv7IVZFsynJRJ5oEtTo63E="></latexit>
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• The jackknife estimates of the variance and bias are very easy to define.

• The computational time is very low: we only need to create n Jacknife data 
sets, and n replications of theta.

• The formulas for Jacknife variance and bias do not have any theoretical 
justification in general. In very special cases, we can prove good properties 
(for instance, that they are unbiased estimates of the variance and bias). 

• It is not trivial to create confidence intervals with good properties based on 
the Jacknife estimates. 

• Jacknife can fail when the estimator of theta is not smooth. 

21

JACKNIFE
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22

JACKNIFE
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An example of Jacknife failure: 

• We simulate a data set of sample size n=20 from a binomial distribution 
of size 10 and probability 0.5 .

• The true median is of course 0.5*10=5 (the distribution is symmetric).

• When estimating the median with the Jacknife, we notice that the 
Jacknife replications are all really similar (they all coincide in most 
cases).

• In many cases (when repeating the experiment), all Jacknife
replications are equal to 5 (the true median).

• When computing the Jacknife estimate of the variance, we obtain zero!

• Jacknife estimates are too similar to the original data set.

23

JACKNIFE

✓̂ = Median(F )
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An example of Jacknife failure: 

• We simulate a data set of sample size n=10 from a binomial distribution 
of size 10 and probability 0.5 .

• The true median is of course 0.5*10=5 (the distribution is symmetric).

• When estimating the median with the Jacknife, we notice that the 
Jacknife replications are all really similar (they all coincide in most 
cases).

• In many cases (when repeating the experiment), all Jacknife
replications are equal to 5 (the true median).

• When computing the Jacknife estimate of the variance, we obtain zero!

• Jacknife estimates are too similar to the original data set.

24

JACKNIFE

✓̂ = Median(F )

Delete-d Jacknife: leave out d observations at a time.
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DELETE-d JACKNIFE

We can try to leave out d observations at a time. In this case the estimate of
the variance is:

dVarJ�d =
n/d�n
d

�
(nd)X

s=1

(✓̂(s) � ✓̂(·))
2.

It can be shown that the delete-d Jacknife is consistent for the median whenp
nd ! 1 and n� d ! 1.

Number of 
Jacknife samples

We can try to leave out d observations at a time. In this case the estimate of
the variance is:

dVarJ�d =
n/d�n
d

�
(nd)X

s=1

(✓̂(s) � ✓̂(·))
2.

It can be shown that the delete-d Jacknife is consistent for the median whenp
nd ! 1 and n� d ! 1.

In practice, we have to leave out more than
p
n and less than n observations at

a time.


