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QC

MOTIVATION

Infrared spectroscopy: a technique
used to study the composition of a

mixture.

Data are infrared spectra, which can be
seen as continuous functions of the

wavelength.

The different parts of the signal are

related to the mixture components.

We are particularly interested in the
dependency structure of data along the
domain, to understand if the different
components are related between each

other.
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« Aim: to test (conditional) independence
between different parts of the functions’

. Example: fruit purees spectra
domain.
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« Aim: to test (conditional) independence
between different parts of the functions’

. Example: fruit purees spectra
domain.

Fruit purees absorbance spectra

 Assumption 1: the domain can be
partitioned into regions of interest.
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Aim: to test (conditional) independence
between different parts of the functions’
domain.

Assumption 1: the domain can be
partitioned into regions of interest.

Assumption 2: data can be described with a
B-splines basis expansion.

> Coefficients are directly related to the
parts of the domain.

» A significant dependence between basis
coefficients translates into a significant
dependence between parts of the
domain.
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Example: fruit purees spectra
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B o MOTIVATION

Aim: to test (conditional) independence
between different parts of the functions’
domain.

Assumption 1: the domain can be
partitioned into regions of interest.

Assumption 2: data can be described with a
B-splines basis expansion.

> Coefficients are directly related to the
parts of the domain.

» A significant dependence between basis
coefficients translates into a significant
dependence between parts of the
domain.

We look at the block structure of the
covariance matrix (precision matrix) of the
basis coefficients.

Coefficient
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0.000

Example: fruit purees spectra

Coefficients of the basis expansion

0 50 100 150

Index

alessia.pini@unicatt.it 7



CATIOIGS INTUITION

Covariance matrix
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CATIOIGS INTUITION

Precision matrix
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Estimator proposed by Xia et al. (2018)
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Functional data. We assume to observe functional data in L?(D) with D C R
Xi(t),...,X,(t) teD,X;cL*D)

Basis expansion.
p
Xi(t) =S 6;(0C;  (X1,...,X,) = (Cu,..., Co)
j=1

Blocks. The coefficients {C};} are partitioned into M blocks, associated to
different Rol:

j17L7MC{177p}
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AP UNIVERSITA
1, & SENIGHEA THE MODEL
%7 < del Sacro Cuore

Functional data. We assume to observe functional data in L?(D) with D C R
Xi(t),...,X,(t) teD,X;cL*D)

Basis expansion.
p
Xi(t) =S 6;(0C;  (X1,...,X,) = (Cu,..., Co)
j=1

Blocks. The coefficients {C};} are partitioned into M blocks, associated to
different Rol:

j17L7MC{177p}

:: 1. Test for a single block of the covariance (precision) matrix

2. Adjustment for taking into account block multiplicity
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. UnvErsTA TEST ON A BLOCK OF THE

> CATTOLICA

COVARIANCE MATRIX

Permutation test of linear independence between coeflicients in blocks 7,
and jm/:

HO,m,m’ . Cj/n7 Cj/n are independent Hl,m,m’ . Eijj/n 7é 0
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UNIVERSITA T E ST O N A B LO C K 0 F T H E

- CATTOLICA

COVARIANCE MATRIX

Permutation test of linear independence between coeflicients in blocks 7,
and jm/:

HO,m,m’ . Cj/n7 Cj/n are independent Hl,m,m’ . Eijj/n 7é 0

e Test statistic:

Tor = 3 255
mm’ —
J€EIm, 3 €T, EMEJ/J/
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UNIVERSITA TEST ON A BLOCK OF THE

. NGl 'z CATTOLICA

COVARIANCE MATRIX

Permutation test of linear independence between coeflicients in blocks 7,
and jm/:

HO,m,m’ . Cj/n7 Cj/n are independent Hl,m,m’ . Eijj/n 7é 0

e Test statistic:

(I 2jj
mm’ —
J€EIm, 3 €T, EMEJ/J/

e Permutations: n! permutations of the coefficients C;; j € Jp, keeping
Ci;j j € Jm fixed, (or vice-versa).

1

2 C =
: C—5

jm jm’
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UNIVERSITA TEST ON A BLOCK OF THE

> CATTOLICA

COVARIANCE MATRIX

Permutation test of linear independence between coeflicients in blocks 7,
and jm/:

H()’m,m/ . Cj/rﬂ Cj7/n are independent Hl,m,m’ . Eijj/n 7é 0

e Test statistic:

mm:. -
J€EIm, 3 €T, E]]Ej/j’

e Permutations: n! permutations of the coefficients C;; j € Jp, keeping
Ci;j j € Jm fixed, (or vice-versa).

e p-value:

Test statistic evaluated on
T* / > T / .
Pmm/ = 1 I‘m = mm’3 original data
n!

Test statistic evaluated on permuted data
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UNIVERSITA TH EORETICAL PROPERTIES: TEST

> CATTOLICA

ON COVARIANCE MATRIX

» The test of linear independence is exact, but it might be not consistent
under general alternatives (e.g., when the dependence is not linear):

]P)HO,m,m’ [pmam/ S Oé] —

n— 00

[pm,m’ < 04] =1

1,m,m’

lim Pyo  [pmm <al <1

n— 00 0,m,m

« For Gaussian data: the test of linear independence is a test for

independence. It is exact for any sample size and consistent under every

alternative.

PHy o P < 0] =
lim Py D <a] =1

/
n— 00 Ly 700

lim Pye  [pmm <a]=1

n— 00 0,m,m
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TEST ON A BLOCK OF THE
PRECISION MATRIX

Permutation test of conditional linear independence between coefficients in

blocks 7, and J,,:

HO,m,m’ :

9

(Cs,. = Cli pp\(Tmug, A +E7,
ij/ — C{l,...,p}\(ijJm/)A/ —|— €jm/

| €J,s €7, Independent

Hl,m,m’ — Qjmxjm/ 7é 0
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TEST ON A BLOCK OF THE
PRECISION MATRIX

AW UNVERSITA
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Permutation test of conditional linear independence between coefficients in

blocks 7,, and J,,:
(
Cr. = C,  pn\TmuT, A T €T,
Hoam,m, : < ij/ — C{l,,p}\(ijjm/)A‘/ +€jm/ H17m7m/ — Qjmxjm/ # O
| EJms €, Independent
e Test statistic: ,
Tmm’ — Z (ij/)

jEjm)j/Ejm/

XiaY., Cai T., Cai T.T. Multiple testing of submatrices of a precision matrix with applications to identification
18

of between pathway interactions J. Am Stat. Assoc., 113(521), 328—-339 (2018).
alessia.pini@unicatt.it
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> CATTOLICA

PRECISION MATRIX

Permutation test of conditional linear independence between coefficients in

blocks J,,, and J,,,:

)
Cs.=Cu, . g\, ) A+eg,

HO,m,m’ : < ij/ = C{l,...,p}\(JmUJm/)A/ -|—€jm, Hl,m,m/ = Qjmxjm/ 7é 0

| EJs €, Independent

e Test statistic:

—~ 2
Ty = ) (ij')

VISV SN

e Permutation

S ' ft i € JIm keeping
Cij j € Im fix .
Data are no longer
independent under H,!
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UNIVERSITA TEST ON A BLOCK OF THE

A= CATTOLICA

PRECISION MATRIX

Permutation test of conditional linear independence between coefficients in

blocks 7,, and J,,:

)
Cs,=Cu, . g A +Eg,

HO,m,m’ . < ij/ = C{l,...,p}\(JmUJm/)A/ -|-€jm, Hl,m,m/ — Qjmxjm/ 7é 0

| EJs €, Independent

e Test statistic:

Tome = > (ﬁjj,)Q

jEjm)j/Ejm/

Under the null hypothesis the errors of those two linear models are exchangeable:

g Cs.=Cu, . p\Tnug A +eg,
ij/ — C{lr“ap}\(jmujm’)Al —|_ €jm’

e Permutations: n! permutations of the residuals €;; j € J,,, keeping &;;
j € Jm fixed, (or vice-versa).
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UNIVERSITA TEST ON A BLOCK OF THE

> CATTOLICA

PRECISION MATRIX

Permutation test of conditional linear independence between coefficients in

blocks 7, and J,,:

)
Cs,=Cu, . g A +ET,

HO,m,m’ . < ij/ = C{l,...,p}\(JmUJm/)A/ -|-€jm, Hl,m,m/ — Qjmxjm/ 7é 0

| €J,ns €7, Independent

e Test statistic:

Trme = 3 (ﬁjj,)Q

jEjm)j/Ejm/

e Permutations: n! permutations of the residuals €;; j € J,,, keeping €;;
j € Jm fixed, (or vice-versa).

e p-value:
B n!

p
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#% v THEORETICAL PROPERTIES: TEST

A= CATTOLICA

ON PRECISION MATRIX

» The test of conditional linear independence is asymptotically exact and
consistent. However, only linear conditional independence is tested (which

can not be generalized to conditional independence).

im Pg,  [pmm < o] =«
Nn— 00 Al

n— 00

[Pmm < a] =1

1,m,m’

« For Gaussian data: the test of conditional linear independence is a test for
conditional independence. It is asymptotically exact and consistent

under every alternative.

alessia.pini@unicatt.it
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MULTIPLE TESTING OF

ez CATTOLICA

} Lo SUBMATRICES

The total number of tests is M(M-1)/2. So, we need to adjust p-values.

Available methods include Bonferroni adjustment (Holm, 1976), Closed Testing
Procedure (Marcus et al, 1976), or methods specifically designed for the
precision matrix (Xia et al. 2018):

generally very conservative;
do not exploit the proximity structure between blocks.

Instead, we generalize the interval-wise testing procedure (Pini and Vantini,
2016, 2017), a method to adjust for multiplicity controlling the FWER over
closed sub-intervals of the domain.

« Holm, S.: A simple sequentially rejective multiple test procedure Scand. J. Stat., 6(2), 65—70 (1979)

*  Marcus, R., Eric, P., & Gabriel, K. R. On closed testing procedures with special reference to ordered analysis of
variance. Biometrika, 63(3), 655-660 (1976).

« Pini, A. and Vantini, S. The interval testing procedure: a general framework for inference in functional data analysis Biometrics
72(3) 835—845 (2016).

«  Pini, A., Vantini, S. Interval-wise testing for functional data. J. Nonparametr. Stat. 29(2), 407—424 (2017).

« XiaY., CaiT., Cai T.T. Multiple testing of submatrices of a precision matrix with applications to identification of between
pathway interactions J. Am Stat. Assoc., 113(521), 328-339 (2018).

alessia.pini@unicatt.it 23
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1. Perform a test on each couple of blocks.
2. Perform a tests on each couple of non-overlapping intervals of blocks.

3. For each couple of blocks 7, and 7,,,, compute the adjusted p-value as
the maximum between all p-values of tests of intervals of blocks including
JIm and Jy (including blocks 7, and J,,,» themselves).

D [ — IMNnax T T
Pm.m S PT,

Z':m'el’

alessia.pini@unicatt.it
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Example: three Rol

Performed tests:

H01,2 H11,2 H01,3 H11,3 H02,3 H12,3

H01,(2,3) H11,(2,3) H0(1,2),3 H1(1,2),3

All tests can

be performed

with the same
procedure
described earlier

alessia.pini@unicatt.it
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Example: three Rol
e Performed tests

» Adjusted p-value for couple (1,2):

H01,2 H11,2 H01,3 H11,3 H02,3 H12,3

H01,(2,3) H11,(2,3) H0(1,2),3 H1(1,2),3

alessia.pini@unicatt.it
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Theorem 1 The adjusted p-value pp, s provided with the following error
control: for all non-overlapping intervals of blocks Jr = Um+h{$} and Jrr =

m+h{jz} withl<m<m+h<m'<m'+h <M, Vae (0,1)

if Homom' 15 true ¥Y(m, m') eI xT,
limsupP[A(m,m') €T XT": P < a] < .

n—oo

Theorem 2 The adjusted p-value py, s s consistent, that is: for all non-

overlapping intervals of blocks Jr = UM " 7.} and Jr = U™t A {J:}, with
I<m<m+h<m <m'+h <M, Vae (0,1)

if Hom.m 18 false V(m,m') € T x T,
lim PV(m,m") €Z XTI : ppm < a] =1.

n—oo

alessia.pini@unicatt.it
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UNIVERSITA FRUITS PUREES DATASET

¥
#- CATTOLICA

INDEPENDENCE

Adjusted p-value - covariance matrix
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A Vs FRUITS PUREES DATASET

I~ - CATTOLICA

B WS cONDITIONAL INDEPENDENCE

0.005 0.010 0.015 0.020

0.000

Adjusted p-value - precision matrix
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« Two methods for performing inference on the covariance structure of functional
data:

« Atest of linear independence.

* test of conditional linear independence.

« A novel way to adjust for multiplicity when testing blocks of the

covariance/precision matrix.

« The adjustment method can be plugged-in with every available testing procedure.

TO INFINITY AND
L

Future works
* How to define blocks when they are not available?

« How to extend the procedure without relying on a basis

expansion?

alessia.pini@unicatt.it 30
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