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• Infrared spectroscopy: a technique 
used to study the composition of a  
mixture.

• Data are infrared spectra, which can be 
seen as continuous functions of the 
wavelength.

• The different parts of the signal are 
related to the mixture components.

• We are particularly interested in the 
dependency structure of data along the 
domain, to understand if the different 
components are related between each 
other.
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• Aim: to test (conditional) independence
between different parts of the functions’
domain.

• Assumption 1: the domain can be
partitioned into regions of interest.

• Assumption 2: data can be described with a
B-splines basis expansion.
Ø Coefficients are directly related to the

parts of the domain.
Ø A significant dependence between basis

coefficients translates into a significant
dependence between parts of the
domain.

• We look at the block structure of the
covariance matrix (precision matrix) of the
basis coefficients.
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Linear dependence between two 
RoI

Block of the covariance matrix ≠ 0
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INTUITION
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Conditional linear dependence 
between two RoI

Block of the precision matrix ≠ 0
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THE MODEL

<latexit sha1_base64="QSDHFSmRhzu7RnRvlsPLCjjCt6A="></latexit>

Functional data. We assume to observe functional data in L2(D) with D ⇢ R

X1(t), . . . ,Xn(t) t 2 D,Xi 2 L2(D)

Basis expansion.

Xi(t) =
pX

j=1

�j(t)Cij (X1, . . . ,Xn) ) (C1, . . . ,Cn)

Blocks. The coe�cients {Cij} are partitioned into M blocks, associated to
di↵erent RoI:

J1, . . .JM ⇢ {1, . . . , p}
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THE MODEL

1. Test for a single block of the covariance (precision) matrix

2. Adjustment for taking into account block multiplicity

<latexit sha1_base64="QSDHFSmRhzu7RnRvlsPLCjjCt6A="></latexit>
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TEST ON A BLOCK OF THE 
COVARIANCE MATRIX

<latexit sha1_base64="JWecUftqVuTwbxc6JyI9ofm038o="></latexit>

Permutation test of linear independence between coe�cients in blocks Jm

and Jm0 :

H0,m,m0 : CJ 0
m
,CJ 0

m
are independent H1,m,m0 : ⌃Jm⇥J 0

m
6= 0

• Test statistic:

Tmm0 =
X

j2Jm,j02Jm0

0

@
b⌃jj0q
b⌃jj

b⌃j0j0

1

A
2

• Permutations: n! permutations of the coe�cients Cij j 2 Jm keeping
Cij j 2 Jm0 fixed, (or vice-versa).

• p-value:

pm,m0 =
#{T ⇤

mm0 � Tmm0}
n!
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TEST ON A BLOCK OF THE 
COVARIANCE MATRIX

<latexit sha1_base64="8Qt9va93YmPc8DNwD6KsnliPyGI=">AAACEHicbVDLSgMxFM3UVx1fVZeCBFvBhZSZCuqy6MZlBfuAzlAymUwbmkmGJFMopTu/wM9wqwt34tY/EH/GTDsLbb1wyeHcc2/uPUHCqNKO82UVVlbX1jeKm/bW9s7uXmn/oKVEKjFpYsGE7ARIEUY5aWqqGekkkqA4YKQdDG+zentEpKKCP+hxQvwY9TmNKEbaUL3SsccF5SHhGrqeZ9dMVrxRKLSqGGgEZafqzAIuAzcHZZBHo1f69kKB09gMxAwp1XWdRPsTJDXFjExtL1UkQXiI+qRrIEcxUf5kdscUnhomhJGQJs1CM/Z3xwTFSo3jwChjpAdqsZaR5+bNutV/om6qo2t/QnmSasLx/McoZVALmLkDQyoJ1mxsAMKSmqUhHiCJsDYe2sYNd/H2ZdCqVd3L6sV9rVy/yX0pgiNwAs6AC65AHdyBBmgCDB7BM3gBr9aT9Wa9Wx9zacHKew7Bn7A+fwDrRJtw</latexit>

1
2
...
n

<latexit sha1_base64="lt/Nj5mh6yPd9zRyi4TxNHvB9wU=">AAACFXicbVDLSgMxFL1TX7W+qi7dBFvRhZSZCuqy6EZcVbAPaIeSSTNtaDIzJBmhDP0Av8DPcKsLd+LWtfgzZtpZ1OolIYdzzyH3Hi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdvDinIW0IZmmtN2JCkWHqctb3Sd9lsPVCoWBvd6HFFX4EHAfEawNlSvWCp3BdZDgjm67QlURubMMYk4npSNyq7Y00J/gZOBEmRV7xW/u/2QxIIGmnCsVMexI+0mWGpGOJ0UurGiESYjPKAdAwMsqHKT6TITdGSYPvJDaW6g0ZSddyRYKDUWnlGmc6rFXkqemjd1q/9EnVj7l27CgijWNCCzH/2YIx2iNCLUZ5ISzccGYCKZGRqRIZaYaBNkwaThLO7+FzSrFee8cnZXLdWuslzycACHcAIOXEANbqAODSDwCM/wAq/Wk/VmvVsfM2nOyjz78Kuszx++k5zj</latexit>

Jm Jm0
<latexit sha1_base64="lt/Nj5mh6yPd9zRyi4TxNHvB9wU=">AAACFXicbVDLSgMxFL1TX7W+qi7dBFvRhZSZCuqy6EZcVbAPaIeSSTNtaDIzJBmhDP0Av8DPcKsLd+LWtfgzZtpZ1OolIYdzzyH3Hi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdvDinIW0IZmmtN2JCkWHqctb3Sd9lsPVCoWBvd6HFFX4EHAfEawNlSvWCp3BdZDgjm67QlURubMMYk4npSNyq7Y00J/gZOBEmRV7xW/u/2QxIIGmnCsVMexI+0mWGpGOJ0UurGiESYjPKAdAwMsqHKT6TITdGSYPvJDaW6g0ZSddyRYKDUWnlGmc6rFXkqemjd1q/9EnVj7l27CgijWNCCzH/2YIx2iNCLUZ5ISzccGYCKZGRqRIZaYaBNkwaThLO7+FzSrFee8cnZXLdWuslzycACHcAIOXEANbqAODSDwCM/wAq/Wk/VmvVsfM2nOyjz78Kuszx++k5zj</latexit>

Jm Jm0

<latexit sha1_base64="JWecUftqVuTwbxc6JyI9ofm038o="></latexit>
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m
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m
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j2Jm,j02Jm0

0

@
b⌃jj0q
b⌃jj

b⌃j0j0

1

A
2
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#{T ⇤

mm0 � Tmm0}
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<latexit sha1_base64="JWecUftqVuTwbxc6JyI9ofm038o="></latexit>
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• Permutations: n! permutations of the coe�cients Cij j 2 Jm keeping
Cij j 2 Jm0 fixed, (or vice-versa).

• p-value:

pm,m0 =
#{T ⇤

mm0 � Tmm0}
n!

Test statistic evaluated on permuted data

Test statistic evaluated on 
original data

15

TEST ON A BLOCK OF THE 
COVARIANCE MATRIX



alessia.pini@unicatt.it

• The test of linear independence is exact, but it might be not consistent
under general alternatives (e.g., when the dependence is not linear):

• For Gaussian data: the test of linear independence is a test for
independence. It is exact for any sample size and consistent under every
alternative.

16

THEORETICAL PROPERTIES: TEST
ON COVARIANCE MATRIX

<latexit sha1_base64="Qm5RuAB+gp/PLMwJ/Iy9x3U6rQA="></latexit>

PH0,m,m0 [pm,m0  ↵] = ↵

lim
n!1

PH1,m,m0 [pm,m0  ↵] = 1

lim
n!1

PH
C
0,m,m0

[pm,m0  ↵]  1

<latexit sha1_base64="VsFD5y3e/5FBMr0pLhrSm9ocTqk="></latexit>

PH0,m,m0 [pm,m0  ↵] = ↵

lim
n!1

PH1,m,m0 [pm,m0  ↵] = 1

lim
n!1

PH
C
0,m,m0

[pm,m0  ↵] = 1
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<latexit sha1_base64="WAGbKG9uUKOAo2SLRckz/NP1uns="></latexit>

Permutation test of conditional linear independence between coe�cients in
blocks Jm and Jm0 :

H0,m,m0 :

8
><

>:

CJm = C{1,...,p}\(Jm[Jm0 )A+ "Jm

CJm0 = C{1,...,p}\(Jm[Jm0 )A
0 + "Jm0

"Jm , "Jm0 independent

H1,m,m0 = ⌦Jm⇥Jm0 6= 0

• Test statistic:

Tmm0 =
X

j2Jm,j02Jm0

⇣
b⌦jj0

⌘2

• Permutations: n! permutations of the coe�cients Cij j 2 Jm keeping
Cij j 2 Jm0 fixed, (or vice-versa).

• p-value:

p =
#{T ⇤

mm0 � Tmm0}
n!

17

TEST ON A BLOCK OF THE 
PRECISION MATRIX
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TEST ON A BLOCK OF THE 
PRECISION MATRIX

• Xia Y., Cai T., Cai T.T. Multiple testing of submatrices of a precision matrix with applications to identification 
of between pathway interactions J. Am Stat. Assoc., 113(521), 328–339 (2018).

<latexit sha1_base64="WAGbKG9uUKOAo2SLRckz/NP1uns="></latexit>
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b⌦jj0
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p =
#{T ⇤

mm0 � Tmm0}
n!
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TEST ON A BLOCK OF THE 
PRECISION MATRIX

Data are no longer 
independent under H0!

<latexit sha1_base64="WAGbKG9uUKOAo2SLRckz/NP1uns="></latexit>

Permutation test of conditional linear independence between coe�cients in
blocks Jm and Jm0 :

H0,m,m0 :

8
><

>:

CJm = C{1,...,p}\(Jm[Jm0 )A+ "Jm

CJm0 = C{1,...,p}\(Jm[Jm0 )A
0 + "Jm0

"Jm , "Jm0 independent

H1,m,m0 = ⌦Jm⇥Jm0 6= 0

• Test statistic:

Tmm0 =
X

j2Jm,j02Jm0

⇣
b⌦jj0

⌘2

• Permutations: n! permutations of the coe�cients Cij j 2 Jm keeping
Cij j 2 Jm0 fixed, (or vice-versa).

• p-value:

p =
#{T ⇤

mm0 � Tmm0}
n!



alessia.pini@unicatt.it 20

TEST ON A BLOCK OF THE 
PRECISION MATRIX

<latexit sha1_base64="beWee7CGo1wsql9kAS/D63v4hX8="></latexit>

Permutation test of conditional linear independence between coe�cients in
blocks Jm and Jm0 :

H0,m,m0 :

8
><

>:

CJm = C{1,...,p}\(Jm[Jm0 )A+ "Jm

CJm0 = C{1,...,p}\(Jm[Jm0 )A
0 + "Jm0

"Jm , "Jm0 independent

H1,m,m0 = H
C
0,m,m0

Under the null hypothesis the errors of those two linear models are exchangeable:

<latexit sha1_base64="j004PF81aKsqlc76EQ8Idai9M/g="></latexit>

Permutation test of conditional linear independence between coe�cients in
blocks Jm and Jm0 :

H0,m,m0 : ⌦Jm⇥Jm0 = 0 against H1,m,m0 : ⌦Jm⇥Jm0 6= 0

• Test statistic:

Tmm0 =
X

j2Jm,j02Jm0

⇣
b⌦jj0

⌘2

• Permutations: n! permutations of the residuals b"ij j 2 Jm keeping b"ij
j 2 Jm0 fixed, (or vice-versa).

• p-value:

p =
#{T ⇤

mm0 � Tmm0}
n!

<latexit sha1_base64="WAGbKG9uUKOAo2SLRckz/NP1uns="></latexit>
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TEST ON A BLOCK OF THE 
PRECISION MATRIX

<latexit sha1_base64="hgLzXMSacdVd1pq+0GhX8/Lyfwo="></latexit>
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• The test of conditional linear independence is asymptotically exact and
consistent. However, only linear conditional independence is tested (which
can not be generalized to conditional independence).

• For Gaussian data: the test of conditional linear independence is a test for
conditional independence. It is asymptotically exact and consistent
under every alternative.

22

THEORETICAL PROPERTIES: TEST 
ON PRECISION MATRIX

<latexit sha1_base64="K7YGYCQW6DP0qboMe4g+5maVglA="></latexit>

lim
n!1

PH0,m,m0 [pm,m0  ↵] = ↵

lim
n!1

PH1,m,m0 [pm,m0  ↵] = 1
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The total number of tests is M(M-1)/2. So, we need to adjust p-values.

Available methods include Bonferroni adjustment (Holm, 1976), Closed Testing
Procedure (Marcus et al, 1976), or methods specifically designed for the
precision matrix (Xia et al. 2018):

generally very conservative;

do not exploit the proximity structure between blocks.

Instead, we generalize the interval-wise testing procedure (Pini and Vantini,
2016, 2017), a method to adjust for multiplicity controlling the FWER over
closed sub-intervals of the domain.

23

MULTIPLE TESTING OF 
SUBMATRICES

• Holm, S.: A simple sequentially rejective multiple test procedure Scand. J. Stat., 6(2), 65–70 (1979)
• Marcus, R., Eric, P., & Gabriel, K. R. On closed testing procedures with special reference to ordered analysis of 

variance. Biometrika, 63(3), 655-660 (1976).
• Pini, A. and Vantini, S. The interval testing procedure: a general framework for inference in functional data analysis Biometrics 

72(3) 835–845 (2016).
• Pini, A., Vantini, S. Interval-wise testing for functional data. J. Nonparametr. Stat. 29(2), 407–424 (2017).
• Xia Y., Cai T., Cai T.T. Multiple testing of submatrices of a precision matrix with applications to identification of between

pathway interactions J. Am Stat. Assoc., 113(521), 328–339 (2018).
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MULTIPLE TESTING OF 
SUBMATRICES

<latexit sha1_base64="PUDH+bUZqZYQPnJMRrpWhVHd1to="></latexit>

1. Perform a test on each couple of blocks.

2. Perform a tests on each couple of non-overlapping intervals of blocks.

3. For each couple of blocks Jm and Jm0 , compute the adjusted p-value as
the maximum between all p-values of tests of intervals of blocks including
Jm and Jm0 (including blocks Jm and Jm0 themselves).

<latexit sha1_base64="khyfZHhYMFx+ey4VFNenmXIMOH4="></latexit>

p̃m,m0 = max
I:m2I

I0:m02I0

pI,I0
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Example: three RoI

• Performed tests:

25

MULTIPLE TESTING OF 
SUBMATRICES

<latexit sha1_base64="DaSX+7sVFQaQyABpYryc3L/a9t0=">AAACEHicbVDLSgMxFM3UV62vUZeCBDuCi1JmKqjgpuimywr2Ae0wZNJMG5rJDElGKEN3foGf4VYX7sStfyD+jJl2Ftp6IeTcc88hucePGZXKtr+Mwsrq2vpGcbO0tb2zu2fuH7RllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek449vs3nngQhJI36vJjFxQzTkNKAYKU155rFlNbzU9lKnUptOYf8a6tbJW8vyzLJdtWcFl4GTgzLIq+mZ3/1BhJOQcIUZkrLn2LFyUyQUxYxMS/1EkhjhMRqSnoYchUS66WyPKTzVzAAGkdCHKzhjfztSFEo5CX2tDJEaycVZRlb0nbnlf6JeooIrN6U8ThTheP5ikDCoIpilAwdUEKzYRAOEBdWfhniEBMJKZ1jSaTiLuy+Ddq3qXFTP72rl+k2eSxEcgRNwBhxwCeqgAZqgBTB4BM/gBbwaT8ab8W58zKUFI/ccgj9lfP4AW6SafA==</latexit>

H01,2 H11,2

<latexit sha1_base64="/PZpmAO8d8WFGPxOSpwAsdGsFtY=">AAACEHicbVDLSgMxFM34rPU16lKQYEdwUcpMCyq4KbrpsoJ9QDsMmTTThmYyQ5IRytCdX+BnuNWFO3HrH4g/Y6adhbZeCDn33HNI7vFjRqWy7S9jZXVtfWOzsFXc3tnd2zcPDtsySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8ce32bzzQISkEb9Xk5i4IRpyGlCMlKY888SyGl5qe6lTrk2nsH8NdevkrWV5Zsmu2LOCy8DJQQnk1fTM7/4gwklIuMIMSdlz7Fi5KRKKYkamxX4iSYzwGA1JT0OOQiLddLbHFJ5pZgCDSOjDFZyxvx0pCqWchL5WhkiN5OIsI8v6ztzyP1EvUcGVm1IeJ4pwPH8xSBhUEczSgQMqCFZsogHCgupPQzxCAmGlMyzqNJzF3ZdBu1pxLiq1u2qpfpPnUgDH4BScAwdcgjpogCZoAQwewTN4Aa/Gk/FmvBsfc+mKkXuOwJ8yPn8AXtWafg==</latexit>

H01,3 H11,3

<latexit sha1_base64="TaIeEsHPn/WTOftnGz3ztH0vrC0=">AAACEHicbVDLSgMxFM34rPU16lKQYEdwUcpMCyq4KbrpsoJ9QDsMmTTThmYyQ5IRytCdX+BnuNWFO3HrH4g/Y6adhbZeCDn33HNI7vFjRqWy7S9jZXVtfWOzsFXc3tnd2zcPDtsySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8ce32bzzQISkEb9Xk5i4IRpyGlCMlKY888SyGl5qe2m1XJtOYf8a6tbJW8vyzJJdsWcFl4GTgxLIq+mZ3/1BhJOQcIUZkrLn2LFyUyQUxYxMi/1EkhjhMRqSnoYchUS66WyPKTzTzAAGkdCHKzhjfztSFEo5CX2tDJEaycVZRpb1nbnlf6JeooIrN6U8ThTheP5ikDCoIpilAwdUEKzYRAOEBdWfhniEBMJKZ1jUaTiLuy+DdrXiXFRqd9VS/SbPpQCOwSk4Bw64BHXQAE3QAhg8gmfwAl6NJ+PNeDc+5tIVI/ccgT9lfP4AYgqagA==</latexit>

H02,3 H12,3

<latexit sha1_base64="puGWkvhUDZSj7nAmVfqajvE4ROk=">AAACGHicbVDLSgMxFM3UV62vUZdugh2lQikzLajgpuimywr2Ae0wZNK0Dc08SDJCGeYP/AI/w60u3Ilbd+LPmGlnUVsPhBzOPYfkHjdkVEjT/NZya+sbm1v57cLO7t7+gX541BZBxDFp4YAFvOsiQRj1SUtSyUg35AR5LiMdd3KXzjuPhAsa+A9yGhLbQyOfDilGUkmOfm4YDSc2ndgql6rl2kWSwP4NVJK1IBmGoxfNijkDXCVWRoogQ9PRf/qDAEce8SVmSIieZYbSjhGXFDOSFPqRICHCEzQiPUV95BFhx7N9EnimlAEcBlwdX8KZupiIkSfE1HOV00NyLJZnqVhWd5oW/5l6kRxe2zH1w0gSH89fHEYMygCmLcEB5QRLNlUEYU7VpyEeI46wVF0WVBvW8u6rpF2tWJeV2n21WL/NesmDE3AKSsACV6AOGqAJWgCDJ/ACXsGb9qy9ax/a59ya07LMMfgD7esX5uecLA==</latexit>

H01,(2,3) H11,(2,3)

<latexit sha1_base64="PrgZFZXXhrtSHtut702O0khkgaE=">AAACGHicbVDLSgMxFM3UV62vUZdugh2lQikzLajgpuimywr2Ae0wZNK0Dc08SDJCGeYP/AI/w60u3Ilbd+LPmGlnUVsPhBzOPYfkHjdkVEjT/NZya+sbm1v57cLO7t7+gX541BZBxDFp4YAFvOsiQRj1SUtSyUg35AR5LiMdd3KXzjuPhAsa+A9yGhLbQyOfDilGUkmOfm4YDSc2nbhklasX5VqSwP4NVJK1IBmGoxfNijkDXCVWRoogQ9PRf/qDAEce8SVmSIieZYbSjhGXFDOSFPqRICHCEzQiPUV95BFhx7N9EnimlAEcBlwdX8KZupiIkSfE1HOV00NyLJZnqVhWd5oW/5l6kRxe2zH1w0gSH89fHEYMygCmLcEB5QRLNlUEYU7VpyEeI46wVF0WVBvW8u6rpF2tWJeV2n21WL/NesmDE3AKSsACV6AOGqAJWgCDJ/ACXsGb9qy9ax/a59ya07LMMfgD7esX5rOcLA==</latexit>

H0(1,2),3 H1(1,2),3

All tests can
be performed
with the same 

procedure 
described earlier
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Example: three RoI

• Performed tests

• Adjusted p-value for couple (1,2):

26

MULTIPLE TESTING OF 
SUBMATRICES

<latexit sha1_base64="DaSX+7sVFQaQyABpYryc3L/a9t0=">AAACEHicbVDLSgMxFM3UV62vUZeCBDuCi1JmKqjgpuimywr2Ae0wZNJMG5rJDElGKEN3foGf4VYX7sStfyD+jJl2Ftp6IeTcc88hucePGZXKtr+Mwsrq2vpGcbO0tb2zu2fuH7RllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek449vs3nngQhJI36vJjFxQzTkNKAYKU155rFlNbzU9lKnUptOYf8a6tbJW8vyzLJdtWcFl4GTgzLIq+mZ3/1BhJOQcIUZkrLn2LFyUyQUxYxMS/1EkhjhMRqSnoYchUS66WyPKTzVzAAGkdCHKzhjfztSFEo5CX2tDJEaycVZRlb0nbnlf6JeooIrN6U8ThTheP5ikDCoIpilAwdUEKzYRAOEBdWfhniEBMJKZ1jSaTiLuy+Ddq3qXFTP72rl+k2eSxEcgRNwBhxwCeqgAZqgBTB4BM/gBbwaT8ab8W58zKUFI/ccgj9lfP4AW6SafA==</latexit>

H01,2 H11,2

<latexit sha1_base64="/PZpmAO8d8WFGPxOSpwAsdGsFtY=">AAACEHicbVDLSgMxFM34rPU16lKQYEdwUcpMCyq4KbrpsoJ9QDsMmTTThmYyQ5IRytCdX+BnuNWFO3HrH4g/Y6adhbZeCDn33HNI7vFjRqWy7S9jZXVtfWOzsFXc3tnd2zcPDtsySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8ce32bzzQISkEb9Xk5i4IRpyGlCMlKY888SyGl5qe6lTrk2nsH8NdevkrWV5Zsmu2LOCy8DJQQnk1fTM7/4gwklIuMIMSdlz7Fi5KRKKYkamxX4iSYzwGA1JT0OOQiLddLbHFJ5pZgCDSOjDFZyxvx0pCqWchL5WhkiN5OIsI8v6ztzyP1EvUcGVm1IeJ4pwPH8xSBhUEczSgQMqCFZsogHCgupPQzxCAmGlMyzqNJzF3ZdBu1pxLiq1u2qpfpPnUgDH4BScAwdcgjpogCZoAQwewTN4Aa/Gk/FmvBsfc+mKkXuOwJ8yPn8AXtWafg==</latexit>

H01,3 H11,3

<latexit sha1_base64="TaIeEsHPn/WTOftnGz3ztH0vrC0=">AAACEHicbVDLSgMxFM34rPU16lKQYEdwUcpMCyq4KbrpsoJ9QDsMmTTThmYyQ5IRytCdX+BnuNWFO3HrH4g/Y6adhbZeCDn33HNI7vFjRqWy7S9jZXVtfWOzsFXc3tnd2zcPDtsySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8ce32bzzQISkEb9Xk5i4IRpyGlCMlKY888SyGl5qe2m1XJtOYf8a6tbJW8vyzJJdsWcFl4GTgxLIq+mZ3/1BhJOQcIUZkrLn2LFyUyQUxYxMi/1EkhjhMRqSnoYchUS66WyPKTzTzAAGkdCHKzhjfztSFEo5CX2tDJEaycVZRpb1nbnlf6JeooIrN6U8ThTheP5ikDCoIpilAwdUEKzYRAOEBdWfhniEBMJKZ1jUaTiLuy+DdrXiXFRqd9VS/SbPpQCOwSk4Bw64BHXQAE3QAhg8gmfwAl6NJ+PNeDc+5tIVI/ccgT9lfP4AYgqagA==</latexit>

H02,3 H12,3

<latexit sha1_base64="puGWkvhUDZSj7nAmVfqajvE4ROk=">AAACGHicbVDLSgMxFM3UV62vUZdugh2lQikzLajgpuimywr2Ae0wZNK0Dc08SDJCGeYP/AI/w60u3Ilbd+LPmGlnUVsPhBzOPYfkHjdkVEjT/NZya+sbm1v57cLO7t7+gX541BZBxDFp4YAFvOsiQRj1SUtSyUg35AR5LiMdd3KXzjuPhAsa+A9yGhLbQyOfDilGUkmOfm4YDSc2ndgql6rl2kWSwP4NVJK1IBmGoxfNijkDXCVWRoogQ9PRf/qDAEce8SVmSIieZYbSjhGXFDOSFPqRICHCEzQiPUV95BFhx7N9EnimlAEcBlwdX8KZupiIkSfE1HOV00NyLJZnqVhWd5oW/5l6kRxe2zH1w0gSH89fHEYMygCmLcEB5QRLNlUEYU7VpyEeI46wVF0WVBvW8u6rpF2tWJeV2n21WL/NesmDE3AKSsACV6AOGqAJWgCDJ/ACXsGb9qy9ax/a59ya07LMMfgD7esX5uecLA==</latexit>

H01,(2,3) H11,(2,3)

<latexit sha1_base64="PrgZFZXXhrtSHtut702O0khkgaE=">AAACGHicbVDLSgMxFM3UV62vUZdugh2lQikzLajgpuimywr2Ae0wZNK0Dc08SDJCGeYP/AI/w60u3Ilbd+LPmGlnUVsPhBzOPYfkHjdkVEjT/NZya+sbm1v57cLO7t7+gX541BZBxDFp4YAFvOsiQRj1SUtSyUg35AR5LiMdd3KXzjuPhAsa+A9yGhLbQyOfDilGUkmOfm4YDSc2nbhklasX5VqSwP4NVJK1IBmGoxfNijkDXCVWRoogQ9PRf/qDAEce8SVmSIieZYbSjhGXFDOSFPqRICHCEzQiPUV95BFhx7N9EnimlAEcBlwdX8KZupiIkSfE1HOV00NyLJZnqVhWd5oW/5l6kRxe2zH1w0gSH89fHEYMygCmLcEB5QRLNlUEYU7VpyEeI46wVF0WVBvW8u6rpF2tWJeV2n21WL/NesmDE3AKSsACV6AOGqAJWgCDJ/ACXsGb9qy9ax/a59ya07LMMfgD7esX5rOcLA==</latexit>

H0(1,2),3 H1(1,2),3
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THEORETICAL PROPERTIES OF 
THE PROCEDURE

<latexit sha1_base64="XIhW7BqLp3ULbfkcdwuxbrYW2aE="></latexit>

Theorem 1 The adjusted p-value p̃m,m0 is provided with the following error
control: for all non-overlapping intervals of blocks JI = [m+h

i=m {Ji} and JI0 =

[m0+h0

i=m0 {Ji}, with 1  m  m+ h < m
0  m

0 + h
0  M , 8↵ 2 (0, 1)

if H0,m,m0 is true 8(m,m
0) 2 I ⇥ I 0

,

lim sup
n!1

P [9(m,m
0) 2 I ⇥ I 0 : p̃m,m0  ↵]  ↵.

Theorem 2 The adjusted p-value p̃m,m0 is consistent, that is: for all non-

overlapping intervals of blocks JI = [m+h
i=m {Ji} and JI0 = [m0+h0

i=m0 {Ji}, with
1  m  m+ h < m

0  m
0 + h

0  M , 8↵ 2 (0, 1)

if H0,m,m0 is false 8(m,m
0) 2 I ⇥ I 0

,

lim
n!1

P [8(m,m
0) 2 I ⇥ I 0 : p̃m,m0  ↵] = 1.
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FRUITS PUREES DATASET 
INDEPENDENCE
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FRUITS PUREES DATASET 
CONDITIONAL INDEPENDENCE
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• Two methods for performing inference on the covariance structure of functional 
data:

• A test of linear independence.

• test of conditional linear independence.

• A novel way to adjust for multiplicity when testing blocks of the 
covariance/precision matrix.

• The adjustment method can be plugged-in with every available testing procedure.

30

DISCUSSION

Future works

• How to define blocks when they are not available?

• How to extend the procedure without relying on a basis                      
expansion?
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